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Tensor Analysis and Curvature in Quantum
Space-Time
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Introducing quantum space-time into physics by means of the transformation
language of noncommuting coordinates gives a simple scheme of generalizing
the tensor analysis. The general covariance principle for the quantum space-time
case is discussed, within which one can obtain the covariant structure of basic
tensor quantities and the motion equation for a particle in a gravitational field.
Definitions of covariant derivatives and curvature are also generalized in the
given case. It turns out that the covariant structure of the Riemann-Christoffel
curvature tensor is not preserved in quantum space-time. However, if the cur-
vature tensor R,,,,,.(z) is redetermined up to the value of the 17 term, then its
covariant structure is achieved, and it, in turn, allows us to reconstruct the
Einstein equation in quantum space-time.

1. INTRODUCTION

In a previous paper (Namsrai, 1986) we have shown that due to an
additional force caused by quantum space-time structure the equivalence
principle between gravity and inertia is achieved up to O(L?), where L is
the fundamental length. There we applied the equivalence principle in order
to introduce the gravitational effect into physical systems in the case of
quantum space-time. Following this, we wrote down equations in a virtual
‘““quasilocal” inertial system of coordinates [i.e., equations of the special
theory of relativity such that d*£*/dr* = f*(£), where £ *(£) is an additional
force proportional to the L? term] and next carried out a transformation
of coordinates in order to find corresponding equations in a quantum system
of reference.

While this method could be used further, here we employ another
method [for details, see Weinberg (1972)], which has the same physical
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248 Namsrai

content, but is more elegant in its notation and more convenient to handle.
This approach is based on the alternative version of the equivalence principle
known as the principle of general covariance. It asserts that a physical
equation is given in an arbitrary gravitational field in the case where the
following two conditions are fulfilled:

1. The equation is given in the absence of gravity, i.e., it corresponds
to the laws of the special theory of relativity [in our case it is slightly
modified according to Namsrai (1986)] when its metric tensor g,z is equal
to Minkowski’s 7, and the affine connection I'}, (x) disappears.

2. The equation is generally covariant, i.e., it preserves its form under
an arbitrary transformation of coordinates x” - x'”.

It should be noted that, as shown below, in quantum space-time one
can obtain the covariant form of the motion equation for a particle in a
gravitational force. However, we do not succeed in preserving the covariant
structure of the curvature tensor in quantum space-time and it, in turn,
gives rise to the reformulation of the general covariance principle up to the
order of the L? term for the Einstein equation case. Moreover, in the
quantum system of reference

x* > x'* =z =x"*+ LIT*(x) (1)

[T1*(x) are arbitrary noncommutative functions] tensor algebra is more
restricted with respect to the usual space-time transformation of c-number
coordinates.

This paper is an immediate continuation of an earlier work (Namsrai,
1986) and is devoted to the study of tensor algebra under the transformation
(1). In Section 2 we present some mathematical peculiarities of our scheme
and define left-hand and right-hand derivatives of any function f(z) depend-
ing on quantum variables z*. Section 3 deals with tensor algebra with respect
to the transformation of quantum coordinates (1). The requirement of the
covariant structure of the motion equation of a particle in the gravitational
force gives a unique form to the affine connection in quantum space-time.
This problem and transformation of the affine connection are presented in
Section 4. In Sections 5 and 6 we generalize the definition of covariant
derivative and its form along a given curve z"(7). Sections 7 and 8 are
devoted to the definition of the curvature tensor and to the reconstruction
of the Einstein equation in the quantum space-time case, respectively.

2. THE MATHEMATICAL PECULIARITY OF THE QUANTUM
TRANSFORMATION OF COORDINATE SYSTEM

We suggest that in the microworld space-time R*(z*) may possess
some quantum nature and therefore physical quantities depend on noncom-
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muting variables z*;
[z¥,2z"].#0 for pu#v
at small distances. Further, it is necessary to pass to a large scale in order
to construct a physical theory in real nonquantum space-time R*(x”). This
passage could be carried out by means of the transformation language of
coordinate systems x* and z* if we could construct a transformationn law
of physical quantities under the transformation x* -» z* or z* - x*. Thus,
our final aim is to study the residual effect or contribution caused by this
transformation to any physical processes and quantities on a large scale.
In order to find the transformation law of physical quantities under

the transformation x* 2 z*, we should first give the definition of transforma-
tion matrices 6x°/dz* or 3z”/dx° and their products of the type

ax” az* az” ax

— s, T (2)

az" ax ax° az
and also differentiation of function f(z) with respect to noncommuting
variables z*. It is easily seen that a definition of the type (2) follows from

the differentiation rule of f(z*). For this purpose, we define left-hand and
right-hand derivatives of any function f(z) with respect to z By definition

] ax? 3
B—Z;f(Z)—é—,L a—,,f(Z) f(z )a—z—=axqf( )— (3)
On the other hand,
8 . 9z° of(z) 3f(z) 9z°
8x"f(z)_axq oz" ’ f( )= 0 9z° ox?

It is natural to assume

“—f( )= —f( ) or f(Z) f(Z)

az*

which, in turn, gives the following equahty:

ax* az* 9z° ax°®

=8 or — =53 4
az* ax* M axP az¢ F @)
To calculate an inverse operation 6x”/9z* of 3z*/ax°, an explicit depen-
dence between z* and x* should be given. For the simpler case, it is just

(1). Since

az* aH*‘
ax“
the form
« olr” oll” oI1* 117 811° 511
ox =67 ——+L2——-a——Lz'a———a—(9 (5)

az* T Tax# ax* ax* ax* ax* ax®
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satisfies conditions (4) automatically for any order of L. With this definition,
the other type of product of transformation matrices takes the form

%%—%%—aﬁug@ (6)
where
#e T ax* ax”
Thus,
N 2 )1z )i,; e (7)

We see that expressions (3)-(7) differ essentially from the usual transforma-
tion case (x* - x'*), for which

Notice that definition (4) indicates how to introduce the formal pro-
cedure of inserting the transformation matrix 9z° /9x° into any mathematical
expression. For example, let x* and ¢° be two c-number variables and
ax*/9&® the transformation matrix between them. Then the latter may be
written in two different forms:

ax* _ox" ‘L’C(i’fﬁ 329) ox”
&P 92" 9£® \9z° ax"/) 9¢”

ox" _oz" éx_A_éz_"eﬂa_{i_(az” 31) ox”
ax" 9z” ) 9&P

(8)

9EP  9&P 3z°  ox" agP az°

In accordance with definition (4), only the last form is acceptable. Thus,
the change of differentiation variables is carried out by the following rule
for any function f(x(z)):

of  az" of af ox" 3
ax*  ax* az”’ 3z°  8z” ax”

where z* and x* are quantum and c-number variables, respectively. Follow-
ing this rule, differentiation of the product of functions is defined as follows.



Tensor Analysis and Curvature in Quantum Space-Time 251

Let G(z) = fi(2)f2(2); then

aG(z) of ax"
az*

(2)fA2)]

[afl(Z)ﬂ( Y+£i(z )afz(z)]
az

Now it is necessary to find the commutator [dx"/8z*, fi(z)]-. For this,
taking into account (1) and (5) and making use of the so-called “Sylvester
expansion” for the matrix function (see Frazer et al, 1952) as well as the
obvious power series expansion

floe 1) = i)+ 1112 By 220

& fi(x)

+ L /311 1)) —————
/3K >8x" ax” 9x*

where
1
(Hl“'ln*‘z - H“n>:—'EH“LH§' Ry L
n!

the sum being taken over all the n! permutations of the indices, and after
some calculation, we have

[a ,ufl(Z)] —Lz[fl( ML+ afl(x)( r%ﬂ")]ﬁ)(ﬁ) 9)
ax ax 0x
Thus,
ai(f) afl(z)fz() fi(z )afz(z) [ iz )J afz(z)

In the last term of this expression we must insert (9) and take 9f,(z)/ax" ~
df2(x)/ax" by our level of accuracy. As a result we obtain the usual rule of
differentiation of the product of functions up to O(L?).

Finally, we notice that in our scheme left-hand and right-hand products
also give different results. For example, let the rule of taking the partial
derivative be (see Section 3.1)

"

dx”

v

dz* = oz
a
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Then multiply this by x”/3z" on the left- and right-hand sides, and we
have, in accordance with (4) and (6),

ax” ax? az*

7 am I

z = dx” = dx’ + L*I’%, dx”
az* dz" ax

and

respectively. Thus,
a P
I:dz“,i] = 1217 dx”
az¥ | _

where we have taken into account

JIl1™ o1I”  oIl” oIl™
ox” ax" ax" ox”

np __ . __ypn
IVn_ - InV

3. TENSOR ANALYSIS

3.1. Vectors and Tensors

To construct invariant physical equations with respect to a quantum
transformation of coordinates we must know how quantities standing in
equations under this transformation behave. We start from simpler physical
quantities, such as vectors and tensors. By definition, as in the usual case,
under the change of variables x* - z* contra- and covariant vectors V*
and U, transform by the formulas

v

0.(2) =2 U() (10)

VE(z)= V'(x)

az"
ax”’
respectively. For example, the rule of taking the partial derivative gives

I

0z
dz" =a dx”

v

so that the differential of coordinates is a contravariant vector. If ¢ is a
scalar field, the d¢/3x" is a covariant vector, since

3¢ _ax” a¢g
az"* 9z ax”
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In order to find the transformation law of high-rank tensors, the definite
sequence of their tensor indices should be indicated. For example, if T
is a tensor of the type of U,V*W?", then its transformation is given by

ax’ gz* az -
T;°(x)
Y ax™ ax

The requirement of strict arrangement of tensor indices is connected with
the noncommutability properties of transformation matrices:

(2 )=,

4 8 P 8 [4
] s - [EE] e w
The more important tensor is the metric tensor defined by the formula
3" 0P
8 (X) = Mag 5~

in an arbitrarily chosen system of reference x*. In a quantum system of
coordinates z* the metric tensor reads

EY T 3™ 9£° ax” ax®
9z* 3z "*Pax® 9x® az* 9z

g‘p.v(z) naﬁ

and therefore

ax? ax”

az* az"

from which we see that §,,(z) is indeed the covariant tensor. An inverse
tensor with respect to §,,(z) is given by the relations

8. (2) = 80 (x)

£"(2)8.,(2) = §,,(2)8™ (2) = 8% (12a)
where
. 9z" 9z*
g”“(2)=gk'(x)ax—k a—;,—ngk"(X)IﬁZ (12b)

In accordance with definition (4) in the quantum space- -time case the
Kronecker symbol &, is a mixed tensor of the type T = U (z)V”(z), but
not V“(z)U (z), 1ndeed

is invariant. In this connection, it should be noted that the invariant combina-
tion of the product of two vectors V* and U, is defined as

V“(z) Uﬂ(z) =invariant
But U“(z) V“(z) is not invariant, so that
[V*(2), O.(2)].= -L’T5U,(x) V" (x) (13)
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3.2. Tensor Algebra

In a quantum system of reference z tensor algebra is more limited with
respect to the usual space-time transformation. Summation and product
properties of the tensor transformation are preserved. Indeed, let A* and
B * be two mixed tensors. Consider their sum f’,’,‘ = aA’,f + bB% for any scalar
constants a and b. Then f"“(z) is a tensor since

M

T#(2) = ak® (2) + bB¥(2) = as—— 3x7 /32" AP (x) + CBo(x)

0x p&
az* 9x°
=— T2 (x
ax®? az" (x)

where it is assumed that tensor indices for A* and B* are _arranged ina
definite sequence, namely u, ». Moreover, for example, if A“ and B* are
tensors, the combination T57(z) = A“(z)B" (z) is also a tensor, i.e.,

T20(2) = As(2) B (2) =25 24

A ai a
A (x) 3 = B7(x)

_9z% 9x” 9z
az* 9z” ax”

T (x)

where a definite sequence of indices p, v, p is assumed.

Generally speaking, in the quantum transformation case any operations
of contraction, lowering, and raising of the index for tensors do not lead
to new tensors. Here we indicate some specific possibilities.

1. Let T“"‘T(z) be a tensor with definite arranged indices wpov and if
we obtain a tensor by means of the contraction operation of indices o and
v, then T+ = T*" is also a tensor; indeed,

9z* 9z° 9z” 9x?
T“P z _T,upv _________T%m x
(2) (z) 3x™ 3x7 8x” gz* (x)

8z 9zf . az" 9z°
ax™ ax” Y ax” ax”

(14)

2. The following two types of lowering and raising indices of a tensor
preserve the tensor structure in the case of quantum space-time transfor-
mation:

Sﬁ (2)= "*(z)g)‘“(x) for opA or poA sequences

- (15)
R¥(z) = gy (z)S -(2) for upo or pwop sequences

where

8z" oz
* 9xP

g(z)=¢g
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Then SAf;,L(z) and Iit’;" (z) are tensors. In expressions (14) and (15) we have
used definition (4).

3. According to (12a), raising and lowering of both indices for the
metric tensor §,,(z) are carried out by the following rules:

()87 (2)8,.(2) = £ ()8, ()87 (2) = ™ (%)% = 87 (2)

and

8u(2)87(2)8,.(2) = 81u(2) 8, (2) 87 (2) = £1.(2) 8% = 8. (2)

This specific rule of lowering and raising indices for g,,(z) again gives the
metric tensor and its inverse, respectively.

3.3. Tensor Density

An important example of nontensor values is the determinant of the
metric tensor

g=-Det §,.(z)
The rule of the metric tensor transformation may be regarded as a matrix
equation

o

8x
az”

R ax’
8..(2) :az—ugpa(x)

Calculating its determinant, we have
g=lox/oz’g (16)

where |3x/oz| is the Jacobian of the transformation z* - x*, i.e., the deter-
minant of the matrix 6x°/3z". As in the usual case, if we do not take into
account an additional multiplier caused by the Jacobian, we call a quantity
of the type of § a scalar density in the quantum system of reference z*.
Similarly, a value that transforms as a tensor but with additional multipliers
from the Jacobian is called a tensor density. We call the number of factors
|oz/9x| in the determinant the weight of the density. For example, from
expression (16) it follows that & is a density with weight —2 up to O(L®), since

lox/oz|=|oz/ax|"+ O(L®)

The latter is easily verified by estimating the determinant of the equation

n A
e S
azrox” " "
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Any tensor density weight w can be expressed as a usual tensor
multiplied by the coefficient g /% For example, the tensor density F* with
weight w transforms by the rule

A 9z 82“ ax”
Fi(z)=|— F’\
(z) x| ax* 3z (x)
Using (16), we find
;.L
A a
g2 B (z) =22 O v x)
ax* 9z

An important role of tensor densities is defined by the fundamental
theorem of integral calculus, which asserts that under an arbitrary transfor-
mation of coordinates x* - x'* = z* the volume element d*x is replaced by

d*z=|dz/dx| d*x
In our case, d*z=d*x [1+ O(L*)], and therefore the product of d*x on the

tensor density with the weight —1 transforms as a usual tensor. In particular,
§V? d*z~g"* d*x is an invariant element of the volume.

4. MOTION EQUATION OF THE PARTICLE AND
TRANSFORMATION OF THE AFFINE CONNECTION IN
QUANTUM SPACE-TIME

4.1, Covariant Structure of Motion Equation

In accordance with the “slightly violated principle of equivalence”
formulated in Namsrai (1986), there exists a “freely” falling system of
reference £* in which a particle moves along an almost rectilinear trajectory
given by the equation

dZ o
S a7
” m
where f*(£) and
dr? = . dg° dgP (18)

are some averaged “‘quantum’ force proportional to the L*-term and the
proper time, respectively. 7,4 is the Minkowski metric. Further, we assume
that we take a curvilinear quantum system of reference z* connected with
the usual curvilinear one x* by relation (1). In the usual case, when the
coordinates £° of “freely” falling system of reference are functions of x*
only, equation (17) is transformed into the well-known form

d’x* dx* dx _1
()

(19)
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where the proper time is given by

L™ 9P
dr* = gum(x) dx" dx™, Zom(x) = ’7043 & afm (20a)
and
ax*  a%¢”
= 20b
( )= af ax” ax* (20b)

is called the affine connection. Here

f1(x) ——f (£)

In a quantum system of reference z* the coordinates £* are functions
of z* and x"; then equation (17) acquires the form

d?z* 3£% dz* dz¥ 5°¢E° 1
+_ —_— o
dr* az* dr dr 9z” 9z% f (&) (21)

where we have used the definition

dg* _dz* o¢”
dr  dr az*

Multiplying equation (21) on the right-hand side by 9z*/3¢* and making
use of (4), we get

d’z* dz" dz¥ o

i dr dr ()——f (z) (22)
where
A O£ 9zt
Doz =g i aE” (23)

generalizes the definition of the affine connection I'},x) given by (20b) in
the usual theory. The “quantum” force in (22) is defined in a natural manner:

£ (5)=2

§ (x)

in accordance with definition (10).
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The proper time (18) may also be expressed in a quantum system of
reference,

% W3
d —
T naﬂ aZ
ax" Y
= Zum (%) Py “dz
g,.m(x (24)
where we have used the following value of the commutator:
[dz*,8x™ /92" ]_ = L’ I7# dx” (25)

and the usual definition (20a) for g,,,(x). It is easily verified that the last
term in (24) is equal to zero up to O(L?) term. Thus,

dr*=8,,(z) dz* dz” (26)
where
A B ax" ax™  9£” ag®
guv(z) - gnm(x azy_ 62" - naBaz}L aZV (27)

is the metric tensor in quantum space-time. So, we see that the covariant
structure of the proper time and the metric tensor is preserved in our
formalism.

It is interesting to notice that if we use the transformation of the
differential in the product form

ax” 9E”
=daz

dx" = dz“az# or d¢ =dz"— (28)
instead of
n a o
dx" = ox dz" or dés = 3 dz"
az*

az"
Then, according to (1) and (5), expression (24) leads to the identity
dr’=dz* dz” §,,(2) = gum(x) dx" dx™

This means that in the specific form of the product (28), the transformation
(1) does not change the value of the differential

dx"=dz" §x"/3z" = dx"

for the given concrete form of definition (5).
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4.2. Transformation of the Affine Connection

It is well-known that apart from trivial tensor quantities and densities
in physical laws nontensor values may appear, among which the affine
connection plays an important role in the gravitational theory. Now we -
separate its nonhomogeneous—non-tensor term. By definition

¢ 92" 9 (GL ﬁ)a_ai
az" 9z" 9€% 9z"\az" 9x°/ ax” 9¢&”

_ax5< °x° a§“+ax ag )azA ax”

“az"\ox® az* ax”  9z* ax® ax" ) ax® 3&*

Taking into account definition (20b), we find

ax® ox” 9z* x az*

I3.(x)+

¥ 9z* ax” az"” az* ax”

u(2)= (29)

Here the last term makes m(z) nontensor value exactly.
Tensor analysis permits us to establish a simple connection between
I'},.(2) and g,.(z). Notice that

u(2) _ 8 (n IE” 66’3)
0z oz \ “Poz* 92"

2 e B P a 2 4B
g°E* o€ +6x (ag € V%B) (30)

92" 9z* az° 1 97" \az* ox” oz

Further, making use of the commutator

l:?_)_c.f a_éiil =L2Im1§_§i

8z’ az* Max
we have
38.,(z) 3¢ af 9&" &’k .
gzz\ GZ aZ azunaﬁ—'—azp. aZA azynaB—i_LzIﬁurzu(x)gna(x) (31)

On the other hand, multiplying equation (23) by 3¢” /3z* from the right-hand
side and using the rule of multiplication (4), we arrive at the differential
equation for £°:

(2 (32)
ST YTFYS
In the next calculation, the value of the commutator
T3 o ] 2a§ a§ Ao
[az" ozt 9z" ] T ax® ax Aua(x) (33a)
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will be needed, an estimation of which was done earlier (Namsrai, 1986),
where

0
S I (33b)

A% () = IEATS,00 ~ LR () +

Finally, making use of {32) and (33) and again taking into account definition
(27), we get

08,(2) _
8zt

A - A ” m aJ
rz#(z)g,,xz)+rﬁv(z>g,,u<z)+L2g5k<x>(zzyr';m+——axA Ii’;)
(34)

Add to (34) the analogous relation with rearranged indices x and A and
subtract from (34) the analogous relation with rearranged indices » and A.
As a result, it reduces to the following connection:

o 1008, 08an 08 4 1
Fa’ —_— _lL_}______I»L_~ vo __J2,v0
ur(2) 2(82A Py az,,>g (z) 2Lg (x)
X{(Npya + Niwe = Noyu) (35)

- d
N;LVA = I;S:,,f/ gk(x)gp/\(x)+g5k[1ivrl)tm(x) +g;):IiI:)]

Here we }}ave used definition (12b) and the expressions for the antisymmetric
parts of I'4,(z) and g,,.(z):
7, — 0 = LI %(x)
gpv(z) - gvp(z) = LZI:Tgnm(x)
respectively. Relation (35) will be used below in the definition of the
curvature tensor in quantum space-time.
Now we give another expression for the nonhomogeneous term in the
transformation rule of I'},(z). Differentiate the identity
oz _ o,
ozt ax? *
with respect to z*, from which it follows immediately that

¥x* 9zt ax"ox™ 'z

9z" az* ax®  8z” 9z* ax" ax™

Therefore, expression (29) may be written in the form

E T am (36)
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Now we are able to use the general covariance principle in order to
prove that a “freely” falling particle satisfies the following equation of
motion:

d*x* dx” dx* 1
+T* S
a2 T G = /) (37)

where the proper time d7” is given by the formula
dr’ = g, (x) dx" dx™ (38)

First notice that equations (37) and (38) are valid in the absence of gravity,
since for I',,(x) =0 and g,, = 7,.
d*x* 1

7 =
dr® m

*“(x), dr’ =1, dx* dx”

But this coincides with equations that describe a ‘““free” particle in the
special theory of relativity modified in accordance with our assumption.
Further, notice that (37) and (38) are invariant under a quantum transforma-
tion of coordinates, since ‘

dr ax”

d*z* d(dx" az") d’x? 8z  dx* dx* 8°z"

dr? _E; T dr? ax’ | dr ?Bx“ ax”

whereas relation (36) leads to

dz° dz® , dx® dx° az* dx" dx™  §Pz*
= 7w == 2 Z 1 _ - e
dr dr 5o(2) dr dr 9x° () dr dr ox™ ax™

where we have used definition (4). Adding these two equations, we find
that the left part of equation (37) is a vector, i.e.,

+ e () =22 Ll S
ar? po(2) ox” "

d*z* dz° dz° . az“[dzx”+ dx" dx™ ( )] (39)
dr dr dr* dr dr ™ X

Thus, equation (37) as well as (38) turns out to be exactly covariant in
quantum space-time. The general covariance principle tells us that relations
(37) and (38) are valid in arbitrary gravitational fields, since they are indeed
satisfied in quasilocal inertial systems of references. Moreover, we recall
the analogous situation, which asserts that relations are valid in all systems
of references (including quantum ones) if they are valid in any one system.
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S. COVARIANT DIFFERENTIATION

Generally speaking, differentiation of a tensor does not lead to a new
tensor, especially with respect to noncommuting variables. Nevertheless, in
our scheme there exists a rule that guarantees the conservation of the tensor
property of quantities after taking the differentiation operation with respect

0 ““quantum” variables z*. This is just the method of generalized covariant
differentiation for the usual case. Now we turn to the definition of covariant
differentiation by using the affine connection [ ,.(z). Consider the contra-
variant vector V* (z), the transformation rule of which is

(x)
Differentiation of this equality with respect to z* gives
avVH(z ax™ °z*  oax"azr aV¥(x
Doy 2 T2y V) (40)
0z 9z ax" ox” 9z ax” ox

The second term on the right-hand side of this equation coincides with one
that would have arisen if the expression 9V*/ox* were a tensor, but the
first term breaks the tensor character of 6‘7"(2)/ az". Although v Joz*
not a tensor, by means of it one can construct a tensor. Using equation
(36), we find

ax ax az ax ax a’zH
Vo)l (2) = g _
()% (2) = ax" [az az* T3,(x) = 3z” az* gx* gx™ ]
ax? gz* ax” 3’z*
=V ——I‘ﬁ -V x)——— 41
(x) )=V ()= (41)

where definition (4) has been used. Adding (40) and (41), we see that
nonhomogeneous terms cancel and the result reads

aV*(z) ax az* [BV (x)

+ V()P (2) = P

5 o e )V"(x)] (42)

Thus, we arrive at the definition of the covariant derivative in the quantum
space-time case,

aV"(z)

Vi (2),, = + V()T (2) (43)

and equation (42) tells us that "}“(z).A is a tensor, since

6x az"

VM(Z) AT az,\

(44)
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We can also define the covariant derivative of a covariant vector U, (z).
Recall the rule of transformation

A ax*
0.(2) = 25 Uy(x)

Differentiating this relation with respect to z”, we get

8{}“(2) x” ax? ax? oU,(x}
= U.(x)+ _ 45
9z” az” 9z p(x) az” 9z ax? (45)
Further, from (29) it follows that
A A 82 x” az ax" ox? 9z |9x"
| U = U,
w(2)Ui(2) [ Y 9z 3x”° v gzt ax"]az* n(x)
& x? ax? 9x”
= an" U,(x)+T%, ,(x (46)

By subtracting (46) from (45) the nonhomogeneous terms cancel and we
obtain

aU, (z) ax? 9x° | o U,(x) N

—EE @0 = [ LU | @)
Thus, we have introduced a definition of the covariant derivative of the
covariant vector

~13.(2)0,(2) (48)

0,0, ~20D

and expression (47) tells us that U (z)., is a tensor, since

_oxP ax”

(Z) v a "

Extension of the given method to the case of a general form of tensors

encounters. some difficulty caused by the noncommuting character of the

variables z*. Here we give a formal procedure of takmg the covarlant

q‘erivative of s1mple tensor quantltles Tl#(z) U (z)V (2), Tzu(z) =
V' (2)U,(z), T,.(z)= U (z)V (z), etc. So, by deﬁnmon

[T4,(2)]5 2 A[TLL(Z)]L

5 Us(x);,

:%[Um;f/"(m 0.(2) V()%

A o axq A rv X
=U,(z),,V (z)+a? U, (z)V*(z)], (49)

where the symbols [ ]7, and [ ]}, mean covariant difterentiation with respect
to variables z* and x", respectively. Further, define the commutator



264 Namsrai
[9x9/0z*, U,(z)]_. From the definition U, (z)= (9x7/az"*) U,(x), it follows
immediately that

ax" ax”
A gz

U(Z)‘U( Ly

B (ax ax?

purie +L21"’>

2 axq 27rgr
= U”(Z)B—Z)T-'_L If{“ U.(x)

so that
[9x9/az*, U,(z))_= L*IT, U,(x) (50)
Inserting this commutator into (49), we have
[0,.(2) V' (2)15 = U, (2), V7 (2) + U, (2) V7 (2)0 + L2TE, U (x) V7 (2)7,

Recalling the differentiation rule of the product U,L(z) V”(z) with respect
to z*
0 A A U 9x? A 3‘71}
— (U, V")y=—F£ V”+——U
P x( )= pos (2) o

A

U
2 “V”+U (z

I* U, (x)——V (z)
and the definitions (43) and (48), we get finally

A A a A A A A A
[U.(2)V'(2)]i =£;[U#(Z)V (2)1-13.(2) U,(2) V*(2)

WA a . av”
+ UM(Z)V"(Z)I’:A(Z)+LZI§Z Up(x)[V"(z)fq—aTﬁz)]
or in compact form

T1.(2).. =6%7‘"ru(z>—fip(z)frx(z>+ Tr.()T 0 (2)

(51)

8‘7"(2):'
ax?

+ L1, U, (x) [ V(2), -
In this way terms of the type

o aV(2)
Vi(z)G— P

=T (x)V*(x)+ O(L)
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may be ex ressed to our level of accuracy. An analogous calculation for
Tzﬂ(z) =V”(z2) U (z) gives the following expression:

15.(2). = A[v (2)U.(2)1+ V()20 (2) U,(2)

V(D (2) O(2)+ LPIEV(x )[GUX() O.(2) } (52)

where

aU,(z)

FEEE UM(z)" =I'%,(x)U, (x)+O(L)
ax

Next, finding the commutator [V"(z) F ,.(z)]- (an analogous commutator
will be given below), one can express thls equahty through the value Tzﬂ

The differentiation rule for T Az)= U (z)V (z) is useful for defining
the covariant derivative of the metric tensor g,,(z). In this case, the
expression of the type of (51) and (52) takes the form

T = az(z)—r" () Ful2) - Ou(E5(2) Du(2)
~ DTET (%) T, (x) (53)

It is easily seen that if we know the commutator [0u(z), f'}f,,(z)]w, then all
terms of (53) may be expressed through T,,. By using relation (33a), we
easily calculate this commutator. The result reads

[0.(2), T5.(2)]- = PI-I .0 5(x) + 73,1 U (%) (54)
where the value of A7;, is given by (33b). Substituting (54) into (53), we get
' afﬂ"’ o A - 2 ™ TN
T/.LV(Z);A = 82,\ _FAuTxv T _L T (x)( p,)\l/ Ip.n Av)

~ LI T (%) T (%) + L2 AT 35 (%) Tr(x)
Similarly, the covariant derivative of the metric tensor is given by the formula

A
A

A ag v fox A T ™
g;LV(Z);A = —(,9—Z’L)T_Fkung _FAVgxu - ngfx(x)[A;u\v - I;.LAFvn(x)] (55)
Substituting (34) into (55) and taking into account
IL'KT"m(XH—I”‘ AT — AT ,.(x)

we obtain the very attractive result

épu(z);/\ =0 (56)
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in quantum space-time. It is natural since it disappears in quasilocal inertial
coordinates (by our terminology), where I'%,(x) and 8g,,,/3x" become zero
and the tensor is equal to zero in one system of reference; it also becomes
zero in all systems of reference, including the quantum one.

6. COVARIANT DIFFERENTIATION ALONG THE CURVE

Consider tensors T(7) and define them along the curve Z*(7) in
quantum space-time. Such types of tensors are momentum P*(r) and spin
S, (7) of the individual particle. Of course, for such tensors it is not possible
to talk about covariant differentiation over z, but we can define the covariant
derivative over the invariant quantity 7 by means of which the curve is
parametrized.

Consider the contravariant vector A’L(T) transforming by the rule

(57)

where the partial derivative 9z*/3x" is calculated at Z* = Z*(7), so that it
depends on 7. Differentiating (57) over 7, we obtain two terms,

dA*(r) _oz" dA'(r) dx" o'z*
dr  ox* dr dr ax” ax*

A’(7) (58)

Second derivatives 9°z*/ox” 9x* are similar to the term that breaks the
homogeneity of the transformation rule (36) for the affine connection, so
that we can define the covariant derivative along the curve Z* () as follows:

ISA“(T) dA“(T) dz*

— A’ l" 59
D=L R (i) (59)
Then expressions (36), (57), and (58) show that this quantity is a vector, since
DA* _oz* dA(r) dx* &z dz* oz"
Dr  ox”  dr dr ax” ax* dr
x[ax” ax® az" (x)_Q_x_"gi”_ 622" ]
3z" 3z* ax* T 9z” 3z* ax" 9x”
az*[dA*(7) dx® (60)
z T X
+5— AY()T
ax[ & A "S(x)]
_ 3z DA*(7)
ox* Dr

The similarity of formulas (59) and (43) for the covariant derivative of the
vector field is obvious.
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Analogous considerations allow us to introduce the covariant derivative
along curve Z*(7) for the covariant vector B, (7):
DB (’r) dB (T) dz” o
D~ dr dr

Expression (29) permits us to verify easily that the obtained value is indeed
a vector,

3u(2)By(7) (61)

DB,(7) ax° DB,

Dr  3z* Dr

The covariant derivative along the curve Z"(r) from an arbitrary tensor
T(7) may be defined in the same way up to O(L?).

Finally, it should be noted that in definitions (43), (48), (55), (59), and

(61) a strict order of multipliers and a definite arrangement of their tensor

indices are important in the sense that any other kind of expression of the
type of the ones obtained breaks the tensor structure.

(62)

7. DEFINITION OF THE CURVATURE TENSOR IN QUANTUM
SYSTEM OF REFERENCE

Now we attempt to construct a tensor from the metric tensor and its
first and second derivatives in the quantum system of reference. In order
to do this, we recall the transformation rule of the affine connection,

[u(x)= o ox
ax” ax* a¢P
3 [a8z" 3&P\ az° ax*
T ax” (ax“ az" )agﬁ azf
32" 8_x)_‘ 9z" 9z? x*

qn( )

On the right-hand side of this relation there is a nonhomogeneity damaging
the tensor character of Ff‘,M(x) and therefore we attempt to separate it:

Ix” ox* az" ox* g

8’z" 9z"  9z" 9z° £
ox” ax“ a P ax* ax

1 an(2) (63)

In order to avoid the left part, use the noncommutability of partial deriva-
tives. Differentiation over x” gives

z"
ax™ gx* ax”

[az 9z° dz

Fsp(Z)] (%)
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n 3
—[6 ST (0= ;Z,sz,,u)} 17 (2)
d9z" | 4z az" 8z¢ *5
_ax_“[a - (Z)]

ax™ ax* ax” ax* 9z
Making use of the identity

az° az A az 3z°
,L p8( ) = I-’~
ax” ax ax" ax

and carrying out some elementary calculations of the type

n 3 8
0z" 0z &0

- z
ax” ax* M ax

_az‘* 825“ 3z
ax” ax”™ 9x* g&”

S I ()2

_9z° 9z" a9zt
ax” ax” ax*

£,(2)+ LT, (0152

and collecting similar terms and rearranging some indices, we get
3z
ax”™ ox* ax”

3 E] i 6 "
ax[ e +I (x)I‘W(x)]

9z% | 9z° 8z” 8z” -
22 o+ oo+ s | P

ax* Lax”

9z° 3z° az"[ol' R N N
2 9z oz [ﬂ—rza(z)r:p(z)—r i }+L2T:M (64)

where

-
Tvy.x

=I5T () () + ITT L, (0T 5, (x)
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arises from the noncommutability property of the matrix of transformation
9z” /ax°.

Rearranging indices » and » and subtracting the obtamed result from
(64), we see that all terms involving the product of I'(x) and I'(z) disappear
and the following expression remains:

OJ_Z_’[arzxx)_arzx(x)w 7 A ]
9x

ax™ ax” e o

52" 82° az”[ io(2) ol w2 fgp(zmm)—fﬁ,p(z%‘”]

ax* ax” ax*| a8z" 0z
, , L5, (x) .
+ LZ[ Tr— T+ Ii’,}(—a;—n—l“ﬁmf,»

In the second term of this equation the transformation matrices 8z”/ax*
and 4z7/3x"” should be rearranged. Next the obtained expression should
be multiplied by the matrices x”/dz", 9x*/3z7, and dx™/dz™ successively
from the left-hand side. The result reads

ox” ax* ax” 8z"

AT T T T pA 2 y7T
rmqn(z)_azm azq azn 8x,\ R;xvx(x)—*—L qun(x) (65)
where
aI‘)‘,,(x) al2,
wc( )‘ ax“ +F7’ (x)r n(x) F x(x)r n(x)

is the usual curvature tensor, and its generalization in the quantum system
of reference is

Pz )—arq"(z) ar;";fz)+rzq(z)r (D-Th ) (66)

and
. ' 5,(x) , Al s(x)
qun(x)=1f,z,[%——ﬂ I‘M]HEZ[ 6;, (E9) NN EY)

AT e () = Il AT 0, — I D) T 50 () (67)

From these expressions, we see that in quantum space-time the tensor
structure of the curvature is broken, up to the value of the L? term. If we



270 Namsrai
redefine the curvature by the formula
Riqn(2) = Fragn(2) = L Dipgu(x) (68)

then its tensor structure is achieved, since in this case the tensor transforma-
tion gives

man(2) == 7~ xR (%) (69)

Sometimes it is useful to express ﬁ;qn(z) through the second derivative
of the metrlc tensor £,.(z). For this purpose we consider its covariant
version R#m(z) = Wx(z)g&(z) Taking into account definitions (66) and
(68) and relation (35), we get

;LuxA(Z) = ,wx(z)ga,\ (2)

1 8 ag‘,,p ag‘,‘p aé‘vx) AnS } A
=—— —_— - .
2 92" [(az" sz 9:o )8 (D) ]En(2)

1
_5 F[gps(x)(NVpx+prv pr)]gSz\(x)

1 0 | (38, 08,y 08w\ A .
_#__x[<__,:,,+_p__# £7°(2) | &ar(2)

20z 8z 9z* 9z°

?2 (%) (N + N = Ny ) 1gan (%)

(T (2) ~Th (D150 (2)180 (2)
— LD} (x)gon (%) (70)
in accordance with our level of accuracy. Further, by using the identity
§°()m(2) = 5
one can easily verify that

98" . s agg
(D=7 () >—L°Q% (71)
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where

(gpl(x)11n+gk6( )Ipn ag;'i\( ) (x)IzZag;;Ecx)

After inserting relation (34) into equality (71), the result reads

B () =~ D L () () + 1080 (2)]

—L {qu(x)gpa(x)[I Fﬁm(x

In1+H QLY (72)

Moreover, in expression (70) a transformation of the type

i[ag——"”(” ﬁ”a(a]

oz* | 9z™

_Pu(2) ) g0 (1) + 8gyp(2) 98"

T 9z* 9z* 9z* az*
ag”

+L2|:Lnx +Inm m Vp( )] g (x)

wvp

(73)
should be carried out, where

n,m agV n, aga no no n
L/-L vp = ox rflug+a r:Iuv+gap(x)N;L,mv+gVBNul,;MP
and N, - A% is given by (33b).
Finally, taking into account relations (71)-(73) and after some elemen-
tary but tedious calculations, expression (70) takes the form
1 ( a2§%)\ + azéﬂu _ 82§VX _ 02§p,A )

Ié $ 77 z)=
w (2) 2\az* 3z” 9z*az o9z 9z 9z 9z

+(f‘iuAZA—fix A)gns(z)+L2[D;LVxA DZux gm\(x)] (74)

where Dy, (x) is given by the formula (67), and

1 Sk 1 nm azgvl\
Dp,vm\(x) xvr (x)r a'(x)gn/\(x)+ I T nam

2 121 ax axm - Ty.wt)\ + Txvy,k

]

1
5 (va./\ y.w\)
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o nm d n
pwx)\ _qu(x)gnk(x)[l Fk (X)+8—;;IUI;

985
+[FW(X)I}’"+me(x)lﬁ'f+r7nu(x)lﬁ'f+N"”xp] Eon
r ( I ko agu'A(x) -_v N N
Lo x)gﬁm(x) kqg ( ) 9x " 26 ,,,( V/\x+ xAv wc/\)
Nuw =I5T3 (x)gm(x)+gak(x)[li'3rkm(x)+—15k] (75)

8. THE EINSTEIN EQUATION IN QUANTUM SPACE-TIME

First we note that it is difficult to reconstruct the Einstein equation in
quantum space-time by using first principles as is done in the usual theory
of gravity. However, if we use the general covariance principle discussed
in Section 1, then the corresponding generalization of the Einstein equation
may be made by redefining the Ricci tensor R,,(x), scalar curvature R,
and the energy-momentum tensor T,, which enter into the usual Einstein
equation. Now we go on to the redefinition of these quantities.

We know that R,,,.(x) = R, o is the Ricci tensor; then, by definition (4),

Ryy(2) = Rpgr(2) (76)
is also a tensor in quantum space-time. We call it the generalized Ricci
tensor. It is easy to verify that in our case

qun)\(z) - mqn(z)gfk(z)
is also a tensor. Indeed,
ax' ax*

émqn;\(z) = m g on—m ;J.Vx(x)glk(x) az

az™ 3z9 9z" ax”
ax* ax* ax” ax*

:azm gz—q —87; ;;Rva(x)gnk(x)

T

since Ry,...(x)= R}, (x)g(x) is a tensor. However, another contraction
gives a different result:

Rh(2) = Ry (2)8™(2)
3x” ax*
Tozm 9278
where R, = g°"(x)Rg,,.(x) is the Ricci tensor.
Further, we notice that scalar curvature in our case is given by the
formula

BV(X)RB;LVx(x)+L2 BII Rqum(x) (77)

R= R (2)8"(2)p™(2) = R+2L%¢" () I%5R,m(x)  (78)
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Now the question arises of how to redefine the energy-momentum tensor
in a quantum system of reference. We assume that its covariant structure
is conserved under a “‘quantum” transformation of coordinates. Thus,

A ax® 9x° A,

T(2) =5 5 T,5(x) = Th..(2) + Ti(2) (79)
9z" 9z

where

9x" 9x°  ax® ox°
az" 3z" 9z” az*

< 1
T}LV(Z):E( ) Tpé(x)
is the symmetric part of 7‘"“,,(2) and is responsible for conservation of matter
in quantum space-time. Its antisymmetric part

Ti(2) =31 LA (x) T, (x)

may give rise to the generation and disappearance of matter from and into
vacuum states. This is the problem of the quantum theory of gravity,
discussion of which is beyond the scope of this paper. Thus, we suggest
that in quantum space-time the Einstein equation takes the form

R,,(2)~38..(2)R=—87GT,,(2) (80)

in accordance with our assumption. Here the quantities ﬁ#,,(z), 8..(2), IQ,
and TW(Z) are given by formulas (76}, (27), (78), and (79}, respectively.
The solution of equation (80) is not known and needs deeper study in this
direction and another fundamental physical principle.
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